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Abstract. The Standard Simplex Conjecture of Isaksson and Mossel [3] asks for the par- 
tition {Ai\^ =l of W 1 into k pieces of equal Gaussian measure that minimizes a generalized 
Gaussian perimeter. These authors guessed the best partition for this problem and proved 
some applications of their conjecture. For example, the Standard Simplex Conjecture implies 
the Plurality is Stablest Conjecture. For < p < 1 we maximize the following quantity: 

V f [ l Az (x)l A Axp + yVl^ ^)er^ + --- + ^l 2 e-^ + --- + y^' 2 dxdy. 

i=1 JR" JM n 

For k = 3,n > 2 and < p < po(k,n), we prove the Standard Simplex Conjecture. This 
conjecture has applications to theoretical computer science [HI [TOl [H] and to geometric 
multi-bubble problems. 



1. Introduction 

The Standard Simplex Conjecture [9] asks for the partition {A;}^ =1 of M n into k < n + 1 
sets of equal Gaussian measure that minimizes a generalized Gaussian perimeter. This 
Conjecture generalizes a seminal result of Borell, [21 E>], which says that the two regions of 
fixed Gaussian measures < a < 1 and 1 — a and of minimal generalized Gaussian perimeter 
must be separated by a hyperplane. We prove a specific case of this conjecture for k = 3. We 
first discuss consequences of the full conjecture, and we then state the conjecture precisely. 
The Standard Simplex Conjecture appears to be first stated explicitly in [9]. If true, this 
conjecture implies: 

• Optimal hardness results for approximating the MAX-k-CUT problem [9] [Theorem 
1.13], a generalization of the MAX-CUT problem. (These hardness results are opti- 
mal, assuming the Unique Games Conjecture). 

• The Plurality is Stablest Conjecture [TO] . [9] [Theorem 1.10], an extension of the Major- 
ity is Stablest Conjecture [15] asserting that: the most noise-stable way to determine 
the winner of an election between k candidates is to take the plurality. (This result 
assumes that no one person has too much influence over the election's outcome). 

• The solution of a multi-bubble problem in Gaussian space [5JIH1CH]: in M n , minimize 
the total Gaussian perimeter of k < n + 1 sets of Gaussian measure 1/k. 

For a survey of the motivation for problems such as this one, see [T5j . For applications 
and related work, see [61 [161 EH 121 [El [91 HI E|- We now describe the Standard Simplex 
Conjecture. Let p G [—1, 1], n > 1, n e Z, let / : R n — > M be bounded and measurable, and 
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define dj n (y) := e~(»? + - + ^)/ 2 dj//(27r) n / 2 , y = (j/i, . . . , j/ n ) G M n . For x G M n , define 

T p f(x):= f f(xp + yy/r^)d ln (y). (1) 

Definition 1.1. Let A±, . . . , Ak C M n be measurable. We say that {A}t=i is a partition 
of M n if Uf =1 A = M n , and j n (Ai D A,-) = for i ^ j, z, j G {1, . . . , k). Let {^}f =1 be the 
vertices of a regular simplex centered at the origin of W 1 . Define Aj := {x G M n : (x, Zj) = 
maxjgj! We call {^4j}^ =1 a regular simplicial conical partition. 

Conjecture 1 (Standard Simplex Conjecture, [9]). Let n > 2, let p G [—1,1], and Zet 
3 < fc < n + 1. Let {A}i=i fre a partition ofW 1 . 

(a) // p G (0, 1], and if ^ n (Ai) — 1/k, V i G {1, . . . , fc}, i/ien among all such partitions of 
M. n , the quantity 

J: =E / U(x)T p (Uj(x)d 7 „(x) (2) 

is maximized for the regular simplicial conical partition. 

(b) If p G [—1,0) (u>z£/i no restriction on the measures of the sets A i} i G {1, . . . , k}), 
then among all partitions ofM. n , the quantity J is minimized for the regular simplicial 
conical partition. 

The following theorem is our main result. 

Theorem 1.2 (Main Theorem). Fix n > 2, k = 3. There exists po — Po{ n jk) > such 
that Conjecture^ holds for p G (0, p ). 

Theorem 11.21 seems to have no direct relation to Gaussian bubble problems [5]. Also, 
[9] [Lemma A. 4, Theorem A. 6] shows that Theorem 11.21 seems to give no new information 
about the MAX-k-CUT problem. 

To see that our formulation of Conjecture [I] is equivalent to that of j9], let A C R n and 
note that 

J l A T p l A d'y n = J l A (x) J l A (xp + y\/\ - p 2 )d^ n {y)d^ n (x) 

= jj l A (x)l A (xp + yy/1 - p 2 )d ln (y)d ln (x) = P((X, Y) G A x A). 

Here X = (X±, . . . , X n ), Y = (Y]_, . . . , Y n ) are jointly normal standard n-dimensional Gauss- 
ian random variables such that the covariances satisfy EpQly) = p ■ lu=j\, i, j G {1, . . . , n}. 

We now describe the complexity theoretic notions referenced above, along with some 
history of Conjecture HJ Hardness results for the MAX-k-CUT [6] and T-MAX-2LIN(k) 
problems led to the creation of the Plurality is Stablest Conjecture [10]. In the MAX-k- 
CUT problem, we try to partition a given graph into k pieces of maximal boundary size. 
And in the T-MAX-2LIN(k) problem, we try to satisfy a maximum number of given two- 
term linear equations mod k. A special case of the Plurality is Stablest Conjecture, the 
Majority is Stablest Conjecture, was solved in [15]. In [15], one key insight was to pass 
between the discrete and continuous versions of the problem at hand. The discrete Fourier- 
analytic version of the problem, the Majority is Stablest problem, was posed on the hypercube 
{ — 1, l} m . The other version of the problem, a continuous isoperimetric result, was posed on 
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Gaussian space (R n , dj n ). The latter problem had been solved by Borell [3], and the discrete 
problem was desired. For large m, a nonlinear generalization of the central limit theorem 
was used to relate the problem on the hypercube to the corresponding problem on Gaussian 
space. This theorem is referred to as an invariance principle. 

Influenced by this passage between discrete and continuous problems, [9] found that the 
discrete Fourier-analytic Plurality is Stablest Conjecture could be solved by its continuous 
isoperimetric analogue, the Standard Simplex Conjecture. However, unlike the previous 
work [15] , in [9] no one had solved the continuous version of the desired problem. We are 
therefore partially motivated to solve this continuous problem, Conjecture (U to attempt to 
complete the picture set out by this sequence of works [31 [10l [15], [9] . The four items listed 
below then summarize the original complexity theoretic motivation of Conjecture HJ 

Definition 1.3 (MAX-k-CUT). Let k G N, k > 2. We define the weighted MAX-k-CUT 
problem. In this problem, we are given a finite graph, defined by a vertex set V and an edge 
set E C V x V. We are also given a weight function w: E — > [0, 1]. A k-cut is a function 
c: V — > {1, . . . , k}. The goal of the MAX-k-CUT problem is to find the following quantity: 

max w(i, j). 

c: V-Kl,...,fc} ^ K ' 
(i,j)£E: 

c(«)^cO') 

Definition 1.4 (r-MAX-2LIN(k)). Let k G N, k > 2. We define the T-MAX-2LIN(k) 
problem. In this problem, we are given m G N and 2m variables Xj G Z/fcZ, % G {1, . . . , 2m}. 
We are also given a set E C {1, . . . , 2m} x {1, . . . , 2m} of cardinality m. An element (i, j) G E 
corresponds to one of m linear equations of the form Xi~Xj = Cj^mod k), i,j G {1, . . . , 2m}, 
C{j G We are also given a weight function w : E — > [0, 1]. The goal of the T-MAX- 

2LIN(k) problem is to find the following quantity: 

max \^ w(i, j). (3) 

(xi,...,x 2m )e(z/fcz) 2 ™ ^ 

(i,j)&E: 
Xi—Xj=C{j (mod k) 

Definition 1.5 (Unique Games Conjecture, [10]). For every e G (0,1), there exists a 
prime number p(e) such that no polynomial time algorithm can distinguish between the 
following two cases, for instances of r-MAX-2LIN(p(e)) with w — 1: 

(i) © is larger than (1 — e)m, or 

(ii) ([3]) is smaller than em. 

Theorem 1.6. (Optimal Approximation for MAX-k-CUT, [9] [Theorem 1.13], [6]). Let 
k G N, k > 2. Let {Ai}f =1 C be a regular simplicial conical partition. Define 

. ( k ~ k2 Etl /r lAtTplAidln . , k - k 2 J^Ll / R n ^AjplAAln 

cth '■= mi — ; = mi — — . 

~^T<P<1 (k-l)(l- P ) ~^<P<0 (k-l)(l- P ) 

Assume Conjecture^ and the Unique Games Conjecture. Then, for any e > 0, there exists 
a polynomial time algorithm that approximates MAX-k-CUT within a multiplicative factor 
aifc— e, and it is NP-hard to approximate MAX-k-CUT within a multiplicative factor ofctk+e. 
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1.1. Plurality is Stablest. We now briefly describe the Plurality is Stablest Conjecture. 
This Conjecture seems to first appear in [10]. The work [10] emphasizes the applications of 
this conjecture to MAX-k-CUT and to MAX-2LIN(k). 

Let n > 2, fc > 3 Let (Wi, . . . , W k ) be an orthonormal basis for the space of functions 
{g: {l,...,fc} ->■ [0,1]} equipped with the inner product (g,h) k := \ T^ae{i,...,k} 9(°)K°)- 
Assume that W\ = 1. By orthonormality, there exist g(a) G R, a G {1, . . . , fc}, such that 
the following expression holds: g = J2ae{i k}9(. a )W a - Define 

k 

A fc := {(si,...,x fc ) G R fc : VI < z < fc, < x { < 1,^^ = 1}. 

i=l 

Let /: {1, . . . , k} n -+ A k , / = (A, ■ ■ ■ , A), /<: {1, . . . , A;}™ -+ [0, 1], i G {1, . . . , k}. Let a = 
(tri, . . . , <r n ) G {1, Define W CT := ELLi ^ and Jet |cr] := |{z G {1, . . . , n} : a, ^ 0}|. 

Then there exists fi(cr) G R such that /j = J^o-e-ri fc}" .M ")^ 7 ^ z G {1, . . . , A;}. 
For p G [— 1, 1] and % G {1, . . . , fc}, define 

E ^'iW^- T p /:=(T p A,-..,T p A)eR fe . 

cre{l,...,fc}" 

Let m > 2, fc > 3. Let = (0, . . . , 0, 1, 0, . . . , 0) G R fc be the j th unit coordinate vector. 
Let a G {1, ... , k} n . Define PLUR m , fc : {1, . . . , k} m A fc such that 

{ej ,if |{i G {1, . . . ,m}: ^ = j}\ > \{i G {1, . . . , m} : a { = r}\ , 

Vr G {1, . . . , fc} 
| Si=i e» , otherwise 

Conjecture 2 (Plurality is Stablest Conjecture, [9]). Let n > 2, k > 3, p G [— -^j, 1], 
e > 0. Let (•, •) denote the standard inner product on R n . T/ien there exists r > swcfc 
f/iai, i//: {l,...,fc} n -»■ A fc satisfies E CTe {i,...,fc}« : CTj ^o(^( a )) 2 ^ r / or aW * G {1, . . - , As}, 
j G {1, . . . , n} ; then 

(a) 1/(0 6(0,1], and pr E CT6 {i,...,fc}« /O) = jEti^ i/ien 

1 ]T (/(a),V(a)}< Jim ^ ^ (PLUR^a), T p (PLUR m ,fc)(a)> + e. 
o-e{i,...,fc} n o-e{i,...,fc} m 

(b) If p G (-1,0), toen 

^ £ {f(a),T p f(a))> Jim -L £ (PLUR^a), T p (PLUR m , fc )(a)) - e . 

cr6{l,...,fc} n <re{l,...,fc} m 

1.2. A Synopsis of the Main Theorem. We now describe the proof of Theorem 11.21 We 
first take the derivative d/dp of the quantity J defined by (j2J). This procedure is common, 
and dates back at least to the the proof of the Log-Sobolev Inequality by Gross [7]. Taking 
this derivative allows us to relate J to the works [TT1 [12]. In Section [2J we modify the 
results of [UJ [TJ] to prove the existence of a partition that maximizes (d/dp) J. Then, in 
Section [3J we further modify results of [HI [12] to show that, if p > is small, then a 
partition maximizing (d/dp) J is close to a partition maximizing (d/dp)\ p= oJ. And by [11], 
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we know that the partition maximizing (d/dp)\ p= oJ is a regular simplicial conical partition, 
for dimension n > 2 and k = 3 partition elements. 

So, for small p > 0, a partition maximizing (d/dp)J is close to a regular simplicial conical 
partition. The structure of the operator T p then permits the exploitation of a feedback loop. 
This feedback loop says: if our partition maximizes (d/dp)J for small p > 0, and if this 
maximal partition is close to a regular simplicial conical partition, then the maximal partition 
is even closer to a regular simplicial conical partition. This feedback loop is investigated in 
Section HI especially in the crucial Lemma POl A similar feedback loop was already apparent 
in pTj [Lemma 3.3]. The full argument of Theorem 11.21 is then assembled in Section [5) By 
using this feedback loop, we show in Theorem 15.11 that a regular simplicial conical partition 
maximizes (d/dp)J for small p > 0, k = 3, n > 2. Then, the Fundamental Theorem 
of Calculus allows us to relate (d/dp)J to J, therefore completing the proof of the main 
theorem, Theorem 11.21 

In Section we also show the surprising fact that our strategy fails for small negative 
correlation. That is, for small p < 0, (d/dp)J is not maximized by the regular simplicial 
conical partition. This result does not confirm or deny Conjectured] for p < 0. However, one 
may interpret from this result that the case of Conjectured] for p < could be more difficult 
than the case p > 0. 

We should also emphasize the lack of symmetrization in the proof of Theorem 11.21 Sym- 
metrization is one of a few general strategies that solves many optimization problems. In 
our context, symmetrization would appear as follows. Recall the definition of J from (T2]). 
Suppose we have a partition {Aj}f =1 C R n . Change this partition into a "more symmetric" 
partition {v4j}k =1 such that J or (d/dp)J is larger for {v4j}f =1 . In the proof of the main 
theorem, it is tempting to use this symmetrization paradigm. The works [3], [15] and [9] 
use Gaussian symmetrization in a crucial way. However, we find this approach to be less 
natural for Conjecture [1], so we do not explicitly use symmetrization. Nevertheless, symme- 
try does play a crucial role in our proof, especially in the estimates of Section [3] It should 
also be noted that the works [TTl [T2"] do not explicitly use symmetrization, and this lack of 
symmetrization is one of their novel aspects. 

1.3. Preliminaries. We follow the exposition of [H]. Let n > 1, n G Z. Let N = 
{0,1,2,3,...}. For /: R n R measurable, let ||/|| £a(7n) := (/ R „ \f\ 2 d ln fl 2 . Let L 2 { ln ) : = 
{/: R n ->■ R: ||/|| L2(7n) < oo}. Let ^ denote the £ 2 metric on R n . For x e R n and r > 0, 
define B(x, r) '■= {y G lR n : \\x — y\\ 2 <r}. 

For / e L 2 (7n), define T p as in ([Tj). Tp is a parametrization of the Ornstein-Uhlenbeck 
operator. T p is not a semigroup, but it satisfies T Pl T P2 = T PlP2 , pi, p 2 G [— 1,1], by (JBJ) 
below. We use this definition since the usual Ornstein-Uhlenbeck operator is only defined 
for p G [0, 1]. Let A > 0, x G R. Recall that the Hermite polynomials of one variable are 
defined by the generating function 



Alternatively, one defines the polynomials H t (x) such that hi{x) = 2~ t / 2 (£\)~ 1 H t (x/\/ r 2). 
This convention is used in [I] , where the orthogonality properties of the Hermite polynomials 
are derived. 




(4) 
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Note that J R hjd^fi = l/£\, and {y/I\he}e & n is an orthonormal basis of L 2 (7i)- Set f(x) 
e \x-\ 2 /2^ rou ^j ne computation shows that T p (f)(x) = e^^"^ 2 / 2 . Observe 

= e (\p)x-\l/2 f e -l(y-X^/I^f+X\l- p 2 )/2jy_ = e (Ap)x-A 2 /2+A 2 (l-p 2 )/2 



2tt 



= e (Ap)x-(Ap) 2 /2_ 

Therefore, by @, 



T p /(x) = ^yA(x). (5) 



So, by linearity, T p hi(x) = p e he(x). 

We now extend the above observations to higher dimensions. Let / G Z^Tn); so that 
/ = EteN- aAv^!, a t G R, where £ = (4, ..,f„)6f and ^(x) = n? =1 ^.(rr;). Write 
|^| := 4 + . . . + £ n and £! := (4!) • • • (£ n l). Then T p satisfies = p ! %, and for z G R n , 



(6) 



Let A := YIU d2 l dx2 i- For P e (-!> *)> define L / := V/) - A/). For p = 0, L is 



undefined, but LT p is defined. A well-known calculation shows that 



±-T p f{x) = LT p f(x) = - ({x, VT p /(x)> - AT p /(x)) (7) 
dp p 



1-p 2 
+ 



/ yf&p+vV 1 - p 2 ) d in{y) ) 

1 - p 2 Jr" J 



We say that A C R n is a cone if A is measurable and V t > 0, tA = A. 

Definition 1.7. A simplicial conical partition {Aj}k =1 is a partition of R n together with a 
j-dimensional simplex S C R J with < j < n and a rotation <r of R n such that G S and such 
that each face of cr(5 l x R™ - -') generates a partition element, i.e. A^ = {tFi \ t G [0, oo)}, 
j 6 {l,...,j + l}. Let k — 1 < n and let {^}| =1 C R n be nonzero vectors that do not all 
lie in a (k — l)-dimensional hyperplane. Define a partition such that, for i G {1, . . . , fc}, 
A/ := {x G R n : (x,Zi) = maxj=i ki^i z j)}- Such a partition is called the simplicial conical 
partition induced by {^}f =1 . 

if {Ml 

1 is a simplicial conical partition induced by the vectors {J^ a:d7 n (a;)}*_ 1 , then 
we say the partition is a balanced conical partition. If {zi}^ =1 C R n are the vertices of a 
(A; — l)-dimensional regular simplex in R n centered at the origin, then the partition induced 
by {zi}^ =l is called a regular simplicial conical partition. 
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Let / G L2 (7n)- By Plancherel and 

J fT p fd ln = J2p W J f^Mdln 
Substituting © into (j2J) gives 



(9) 



i=i 



i=l 



7n (^) 2 + p 



K1 



U t V7!M7n 



|/|>2 



Taking the derivative d/dp oi (TTO]) at p = 0, we get a quantity studied in [TTJ 



dp 



p=0 



(10) 



2. The First Variation 



Definition 2.1. Let H := ©^ =1 L 2 (7 n ), and define 

k 

A fc ( 7 n) := {(/i, ■ ■ ■ , h) e H: VI < i < k, < f t < 1, J> = 1}. (12) 

i=i 

Definition 2.2. Let e > 0. Define 

k 

A|(7n) := {(A, ■ ■ ■ , /*) G # : VI < i < k, < /< < 1, /, = 1 ± - e < f fdln < \ + e}. 

i=i ^ 

Definition 2.3. Define a metric d 2 on partitions {Aj}^ =1 , {Ci}f =1 of M n by the formula 

' k 

^2 \\ lA i ~ 1 (pG^(i) 



d 2 {{A i y i=1 ,{C i y i=1 ) := inf 

peSO(n) 



7r a permutation 



i=l 



2 

£2(7™) 



1/2 



Definition 2.4. Let A C M n , let £ denote Lebesgue measure on M. n , and define the distance 
d(x,y) := — x,y G M. n . Denote 5a as the measure on M. n such that 5a(B) : = 
liminf^ ^£{y G M n : d(x,y) < 5,x G An B}, B C R n . Also, we denote 7„(<*a) : = 
liminf^o ^ 7n {y G M n : A) < 5}. 

We now recall some results of [TT|, which will be used later, together with ( II ip . 

Lemma 2.5. [TTJ Lemma 3.2, Corollary 3.4] Let k = 3, n > 2 and let {Bi}^ =l be a reg- 
ular simplicial conical partition of E re . Then (l Bl , . . . ,l Bk ) uniquely achieves the following 
supremum, up to orthogonal transformation. 



sup 2_. 

(/ 1 ,...,/ fe )eA fe ( 7n ) i=1 



xfi{x)d^ n (x) 



Lemma 2.6. [UJ Lemma 3.2, Corollary 3.4] Let k = 3, n > 2 and let {Bi] k i=l C R n 
be a regular simplicial conical partition. Let {Ci\f =1 C W 1 be a regular simplicial conical 
partition, and let {Ai}^ =l C ]R n be a simplicial conical partition. Let % := j^xd^n^x), and 

let Vij G S^n E Aif] Aj n span{F i; zj-}. // - Zj, Vij}\ < e < 10" 16 V i, j G {1, . . . , fc}, 
z ^ j, and ifd 2 ({A i }* =1 ,{C 1 ,C 2 ,Q)}) > 1/100, ^en d 2 (W?=i> W*=i) < v 7 ^- 

Proof. For z,j G {1, ...,&}, let < < 7r such that Aj, is a cone with angle o^. Let 
cr: W 1 — > W n be a reflection that fixes A;H A,-. Without loss of generality, a(Aj) C Aj. Then 
£ - z 



.j — r~^ CT( ,~^ xc?7 n (x) and \\zi — Zj\\ 2 = sin((«j — oij)/2)/y2ix. Let < 9 < n such that 



Z 3\\2' 



cos(6) = (zi — Zj,Vij). Then either \\z~i — Zj\\ 2 < \Je/l&n, or |cos 6*| < V 187re. In 
the first case, — aj < y/e. So, to complete the proof, it suffices to show that the second 
case does not occur. We find a contradiction by assuming that the second case occurs. 

If |cos#| < \/187r£, then since 6 = (ctj — ay)/2, we must have |«j — otj — ir\ < 18\/£, 
so 7r — 18^/e < a.j — ay < 7r + 18-\/e, i.e. 7r — 18y/e < 014 < ir and aj < 18-y/e. Then 
for r ^ r 6 {1,..., k}, we have a r = 2n — cti — aj > 2ix — tx — \8\fe > 71 — 18-s/e. 
Since a i5 ay > tx - 18^, we conclude that d 2 ({Ai}^ =l , {C x , C 2 , 0}) < 18e 1/4 < 1/100, a 
contradiction. □ 

The following is a variant of an argument from (TTJ Lemma 3.3] and [121 Lemma 2.1]. 

Lemma 2.7. Let p G (0, 1]. Then there exists a partition {AA- k =1 ofMJ 1 that maximizes (J2]). 
Moreover, the following containment holds, less sets of 'j n measure zero: 

A, D {x G R n : LT p l Ai {x) > LTA Aj (x), Vj /ij'e {1,...,*}}. (13) 

There also exists a partition {Ai}^ =l of M. n that maximizes (j2]) ; subject to the constraint 
ln {Ai) = l/k. 

Proof. We first consider the supremum of (J2J) without volume constraints. We show that (j2J) 
is maximized over Afc(7 n ), which contains the set of partitions of R n . Note that Afc(7 n ) C H 
is norm closed, convex, and norm bounded. Therefore, Afc(7„) is weakly closed. Also, Afc(7 n ) 
is weakly compact by Banach-Alaoglu. Using ((7j), define a map ip p : Afc(7„) — > R by 

VvCfl'i' • • • » 9k) '■= -j- 5^ / 9i T P 9idln = ^2 9iLT p gid^ n . (14) 
dp i=i J i=i 7 

By ( TTOj) . ^ p is an exponentially decaying sum of uniformly bounded weakly continuous 
functions. Therefore, ip p is weakly continuous on the weakly compact set A^(7 n ). So there 
exists (fx, ■ ■ ■ , fk) £ Afc(7 n ) that maximizes ip p . 

Since p G (0, 1], © and © imply: V / G L 2 (7n), / fLT p fd^ n > 0. We now apply this 
fact to see that ^ p is convex. Let AG [0,1], (gi, . . . , (/ii, . . . , hk) G Afe(7 n ). Then 

Xip p (gi, ...,g k ) + (l- A)^(/ii, ...,h k )- i/) p (\gi + (1 - A)/ii, . . . , Ap fe + (1 - A)/i fc ) 
= A(l - A) J ( 9i - hi)LT p ( gi - hi) > 0. 
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Since ip p is convex on Afc(7„), ^ P achieves its maximum at an extreme point of Af.('j n ). 
Therefore, there exists a partition {Aj}f =1 of M. n such that (Iad • • • , Iaj.) G A-kiln) maximizes 
ip p on Afc(7 n ) [T2l Lemma 2.1]. 

We now prove f[T3"l) by contradiction. By the Lebesgue density theorem [17] [1.2.1. Propo- 
sition 1], we may assume that, for all i 6 {1, ... , k}, if y G Aj, then we have lim r ^ 7n(Aj H 
B(y,r))/j n (B(y,r)) = 1. Suppose there exist j, m G {1, ...,&} and there exists y G M n , 
r > such that y G A„ j n (B(y,r) n A,) > 0, and LT p l Aj (y) < LT p l Am (y). By ©, 



= / /(y)e- 



\\v-xp\\l/[2(l-p t )] m 



dy 



(2tt(1 - p 2 ))"/ 2 



So, LTpl^. is a smooth function of x, and for any ball B, | \lBV l LT p {l Aj — 1a„J||oo < 
C(B,£) 1 1 lyi . — l.,4 m | |oo: Vf 6N. Here is the array of all partial derivatives of order I. 
So, there exists a ball B(y, r), r > such that j n (B(y, r) n Ay) > and such that 

sup LT p \ Aj [x) < inf LT p l Am (x). 

x&B(y,r) xdB{y,r) 

Let (j){x) ■— lB(y,r)nA J (^)- For A G [0, 1], note that 

(l Al , . . . , l Aj - X(f>, . . . , 1 A + \<j), . . . , l Ak ) G A fe (7n). (15) 

However, 
d 

dX 



ip p (l Al , ...,l Aj -\(j),...,l Am + \(j),..., l Ak ) = 2 (j)(LT p l Am - LT p l A] )d~i n > 0. 
j J 

(16) 

But (fTB"j) contradicts the maximality of (Iai, • • • > IaJ on A fc (7„), so ( TT3"j) holds. 

Finally, in the case that we maximize ([2]) subject to the constraint 7„(Aj) = 1/k, we 
replace Afc(7„) with A°(7„). The existence argument then proceeds as shown above. □ 

3. Perturbative Estimates 
The following estimates allow us to relate ip p to ipo for small p > 0. 
Lemma 3.1. Let A C W l be a cone. Then 



[ (j2^-y"))uy)din(y) = o. 



Proof. The assertion follows by standard equalities for the moments of a Gaussian random 
variable. Let a > 0. Define f{ct) by the formula 

f(a) := / l A (y)e-^+-+^/ 2 - 



l A (y)d~/ n (y). 

□ 



(2vr)™/ 2 

By changing variables, f(a) = a~ n/2 j Rn l A (y)dj n (y). So, 

1 f ( 2 \-, / \ J / \ 



i=l 



£y U(y)d7»(y) 



Lemma 3.2. Fix k = 3, n > 2, p G (0,1). Let {Cj}f =1 C M 2 be a simplicial conical 
partition. Let {Bi} k i=l := {Q x W 1 ' 2 }^. Fix i,j G {l,...,fc}. Let a: W 1 W 1 denote 
reflection across Bi D By Assume that Bi = o~Bj, and that Bi C {x G M n : Xi > 0}. Lei 
ei = (1,0,. . .,0), e 2 = (0,1,0,. . .,0), ei,e 2 G M n . Forp G let z p := J Bp xdj n (x). 

Note that span{,2j, Zj} = span{ei, €2}- Let nj G IR n be the interior unit normal of Bj so that 
nj is normal to the face {dBj) \ (dBi), and let rij G W 1 be the interior unit normal of Bi so 
that Hi is normal to the face (dBi) \ (dBj). 
IfxeBiH{xe W n : (x,nj) < 0}, then 



- (x,VT p (l Bi - l B] )(x)) > 2xi7„ ( S ( Bi n Bj )- xp ) + (x,ni)j n ( 6 gaB^)-^ ) . 

P V / V / 

If x G ^ n {2 G R n : (x,^) > 0}, then 

- {x,VT p (l Bi - l Bj )(x)) > 1x^ n 5 {B i nBj)-xp I . 
P V \A-p 2 ' 

v4/so, /or x G -Bj, 

< p(VQ + (n-l)V2) Xl . (19) 



(17) 



(18) 



v4nd for x £ Bi with X\ > y/nyl — p 2 / p, 



( YM - ^)) - 1 B 3 )(X P + yy/l-p^M > 0. 



(20) 



Proof. Let i^O. For x G (95,) n Vl Bi (x) = e 1} and for x G (95,) \ B,, Vl Bi (x) = n t . 
Similarly, for x G (dBj) fl 5,, — Vl B .(x) = t\, and for x G (<9-Bj) \ Bi, — \71 B] (x) = —rij. 
Then from ([I]), 

^VT p (l Bi - l B .)(x) = T p (V(l Bi - l Bj ))(x) 

= T p [2( ei )5 BtnB3 + ni5 {aBi) \ B . + (-n j )6 {8Bj) \ Bi ](x) (21) 
= 2ei7„ ^ (BinBj)- a p J +^i7n ^ ((a-B»)\Bj)-^P ) + (-n-j)'Jn ( S gaB^Bj)- 
Here we used 



- .1' p 

/l-p 2 J \ \/l-p 2 



l A (xp + y\/l- p 2 )d ln (x) = J U-xpWl - p 2 )din(y) = J 1 {A ^ xp)/ ^TZ p ^(y) d ln(y)- 

Let x with x £ Bi and (x, (—nj)) > 0. Then (|2"T|) immediately proves (1171) . 
Now, let x G I?, fl {x G R n : (x,n,j) > 0}. By reflecting across B, fl By, 



Define 



7 n ( S iQBj^B^-xp ) > 7n ( ^ (QajOX-Bj)-^ ) • (22) 
Vi-p 2 / V \A-p 2 



w := n,7 n ( S ((3Bi)\Bj)—xp J + (-rij)7 n ( ^ (ob^^i^p 

\J\-p' z / V y'i-p 2 
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By (122)) . w G hull{ei,nj}. In particular, (x, w) > 0, since x G Combining (x, w) > 
with OH]) proves ffT8|). 

We now prove ( TT9|) . By reflecting across 5j fl Sj, 

x eB i nB j [ ( - y 2 )] (l Bi - l B .)(xp + yyfl - p 2 )d ln {y) = 0. 

So, a derivative bound gives f|T9|) . Specifically, we apply the Fundamental Theorem of Calcu- 
lus to the following identity, along with ||(1 - yl)yi\\ LM = V2 and \ \yf + ^yi\\ L2{ln) = VQ- 

W X LX T"} 1 ~ ^ {lBl ~ lBj)[XP + y ^~^ )dln{y) 

= 7== [ (-3y 1 -y 3 1 + - y 2 ) Vl ) (l Bi - l Bj )(xp + yy/l - f?)d ln {y). 



Let x with x\ > i/nyl — p 2 /p. To prove ( !20|) . consider the following cone 

v 1 -p 



By Lemma[32l / Rn £?=i(l-J/?)<M2/) = 0. If dfodfli) > y/fiy/1 - p 2 /p, then A 



and l A (y) £^(1 - + 2/ VI " P 2 ) < 0, so 



So, it remains to consider the case d(x, dBi) < \/ny 1 — p 2 /p. In this case A ^ M. n . 

Since x\ > \fn^J\ — p 2 /p, we have £™ =1 (1 ~ Vi^Bjfep + 2/a/I — p 2 ) < 0. Also, we have 

Er=i(i - yl)iAy)i Bi (xp + vV^7) > o, EILi(i - i/?)U(v)iflf + y V^ 7 ?) < o, so 

( " (1^ " ^X 2 * + 'Wl - P 2 )^7n(2/) 

^ / ( E(i - W*p+ y Vi - P 2 )^7n(2/) 



> 



> 



/ ( X> - Ufa) Wsp + yVl-p 2 )dj n (y) 

/ fE(l"»?))u(l/)d7„(l/) = 0. 
■'i" V i=1 / 



□ 



n 



Lemma 3.3. Let e > 0, k = 3, n > 2. Let {Ai}!? =1 be a partition ofMJ 1 , and let {Bi}^ =1 be 
a regular simplicial conical partition ofW 1 . Define ipo by ( |T4|) . Assume that 

^o(Ui, • • • , Uj > sup VoCfi, • • - e- (23) 

(/!,.. .,/fc)eA*( 7 n) 

T/ien t/iere exists E\ > 1/100 such that, for < e < E\, 

d^A^mU)^^. (24) 

Proof. Assume that fl23l) holds. For «G {1, . . . , /c}, let Zi ■= J A xd^ n {x), Wi := J B xd^ n (x). 
Let E\ = 10~ 2 . We may assume that, for all i,j G {l,...,k} with z 7^ j, (zi,Zj) < 0. 
To see this, we argue by contradiction. Suppose there exist i,j G {1, ...,k}, i 7^ j with 
(Zi, Zj) > 0. For p G {1, . . . , k}, p ^ let A" v := A p , let A-' := A; U Aj, and let AJ := 0. 
For p G {1, . . . , /;;}, let 2" := f A „ xd^ n (x). Then 

k k 

Ell "II 2 _V^M 11 2 —II _i_ 11 2 _|i 11 2 _ 11 11 2 >n 
Irplle? 2-^i H 2 pII^ ~~ II 2 * ' z j\\e% \\ z i\\e% \\ z j\\q — u - 

p=i p=i 

That is, 

^(U,-..,^) <^o(U»,-.-,U»). (25) 

Since {A'X =1 is a partition of 1R™ with at most two nonempty elements, [UJ [Corollary 3.4] 
implies that 

( sup Mfu • • • , /*)) - ^o(U», • • • , U») > ^ > 10- 2 = £1. (26) 

Combining (1251) and (1231) contradicts (1231) . Therefore, (zj, Zj) < for all i, j G {1, . . . , /c}. 
We now claim that, for each pair i,j G {1, . . . ,k} with i 7^ j, we have 

max ||^p|| 2 n > 1/16. (27) 
pe{«,j} 2 

We again argue by contradiction. Suppose there exist i,j G {l,...,k} with i ^ j and 
maXpgjjj} ||-2p|| 2 n < 1/16. Let p G {1, . . . , p 7^ 2, j. Then ||%,||^„ < l/(27r) with equality if 
and only if l^ p is a half space whose boundary contains the origin of M. n . This follows from 
|11] [Lemma 3.3, Corollary 3.4]. Therefore, 

^o(lA 1 ,...,Uj<l/8 + l/(27r)<l/7r. 

As before, this inequality contradicts ( 123]) . since sup/^ .,/ fe )eA fe (7 n ) ^oifi, ■ ■ ■ , fk) = 9/(87r), 
using [TT] [Corollary 3.4] and k = 3. We conclude that ( 12"T|) holds. 
Define 5 such that 

5 : = max 7n ({x G M n : - < 0} D A*). (28) 

i,j6{l,...,fe},i^j 

Fix z,j G {l,...,fc} such that 5 = 7„({x G M n : (z» - < 0} fl Ai). We want 

to find a bound on 5. Let < h such that Jq d'ji = 5. Now, define {A^,}^ =1 such 

12 



that A' p = A p for p ^ A\ = A \ n{ieK": - z h x) < 0}) and A'j = Aj U 
(A n {x G W 1 : (zi - Zj,x) < 0}). Let z' p := J A , xd^ n (x), p = 1, . . . , k. Then 



k k 

2 V^ll ||2 



p=i p=i 



yd-f n (y),Zj - Zi 

{y. (zi-Zj,y)<0}nAi 



ydin{y) 

{y. (zi-Zj,y)<0}nAi 
I, 



2 



(29) 



> 2( / ydj n {y), zj - zS =2\\zi- ZjWp f yd^{y) 9 <5 2 /3. 

\ -/i<<«i-«j,l/><0} / 2 </0 

Here we used rearrangement and also the inequality \\zi — Zj|L, > (max p6 {jj} | \z p \ ijL) 1 / 2 . 
By (J23D and (J2HJ), 5 2 < e, i.e. 

5 < v 7 ^. (30) 

Now, for p G {l,...,k}, let A p := {x G M" : (x,z p ) = max J=1 ....,„,(£, z.,-)} and let £p : = 
fc p xd ln {x). By pj), and (EE}, 

^({^^{Aji^^Sv^^/ 4 . (31) 

For p G {1, . . . , k}, let y p := z p - z p G M n , so that \\y p \\ 2 < ?>V^e l,A by fl2Q and Hilbert 
space duality. Let x G M n . Then for i, j G {1, . . . , k}, i ^ j, 

(li -Zj,x) = (zt - Zj,x) + (y,i - y h x). (32) 

For i, j G {1, . . . , fc}, i ^ j, let u i<7 - = S 1 ™ -1 H A, H Aj n span{zj}^ =1 . By definition of 
Vij and {Aj}f =1 , (Zi - = 0. So, by ([22), |(^-^-,%)| < 3a/2V /4 , implying that 

4({A}f=i, {-Bi}f =1 ) < 3 • 2 3 / 4 5 1 / 8 , by Lemma EE) This inequality together with (EI]) and 
the triangle inequality for c?2 prove (1241) . □ 

4. Iterative Estimates 
The following estimates control the errors that appear in the proof of Theorem 11.21 
Lemma 4.1. For £ = (£i, ...,!„)eN" and x = (x i: . . . , x n ) G M n , 

k 

h t {x)y/&. < \l\ n 3 M Y[ max{l, \ Xl \ k }. 
i=i 

Proo/. Let i G N. From Q3J, 

00 00 00 ( iWXWl /n\q 00 ^/ 2 J i-2m(_-\ \mo-m 

y \%{ X ) = e^ 2 ' 2 = Y- 1 \ p Y [ ] [ \ ( 1 ] =y\ e y u \ ] I . 

Here we let p + 2g = £, m = g. In particular, 



L</2J / 

w«) - e m!( ,:L). ■ ' 33 > 

m=0 v y 
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Using Stirling's formula, ^£ e+1 / 2 e~ e < i\ < e£ e+1 / 2 e~ e . Let £, m with m e {0, . . . , 1/2}, 
£ > 1. Note that lim a ._ 5>0 + x x — 1 and min xe [ ,i] x x > 2/3. Also, m + £ — 2m = £ — m > £/2. 
For m/0, write m = £j, j G [l/£, 1/2]. Moreover, max{m, £ — 2m} > £/3. Then 



m!(£-2m)! 

- 27rm m+1 /2 e -™(£- 2m) ? - 2m+1 /2 e -(«-H ~~ 2vr m m+1 /2(£ _ 2m)< ? - 2m+1 /2 e 

" 2tt viVTkm^f - 2my- 2 ™ 6 ~ 2tt v / m " v /£32^ (^)^(^(l - 2 2 ))^-^ 

- £1/4 gl/1 e l/1-m ^ £1/4 ££/2 e £/2-m 



2tt y /m~^£-2m£ i ( 1 -tif j (l - 2j)^- 2 i) 2tt - 2m £^/2£f (i-2j)^;(i _ 2j)*(i-2j) 

£1/4 ! e |(l-2i) ^ £1/4 (e/£)4(l-2i) 



2tt v ^v / ^-2m/ J '(l - 2j7 (1 ^ 2j ' ) £l( 1 " 2 i) 2vr y /jfij£-2mj tj (l ~ 2j)' (1 " 



2j) 



e 1 e f 1 / 4 

< „. N < 



2tt ^iy/£-2mj tj (l ~ 2jy£-V) ~ 2vr 0^ - 2m (2/3) 

< ev ^ = e ^ (9/4) £ < r 1/4 (9/4)' 

" ^tt (2/3)* £V427r l 1 > ~ K 1 > ' 



2f 



Here we used (e/QWW-W < yfe for ^ = 1, 2. 

m!(«-2m)! 



Also, for m = we have v = 1, and for m = £/2 we have 



< . — - , Nc;o 1/n — — = V e " 



m\{£-2m)\ (£/2)\ ~ v ^(£/2) e / 2 +V 2 e- e / 2 ^2^£ l / 2 2^^ 2 2- 1 / 2 

r^g-l/4 2 £/2 < ^-l/4 2 ^/2_ 



7T 

So, combining the above estimates with (133|) . 

L£/2j l^/2J 
I^C^V^I < ^" 1/4 (9/4)' |x|'~ 2m < ^ r 1/4 (9/4)Vax{l, |x|'~ 2m } 

m=0 m=0 

< £r 1/4 (9/4fmax{l, \xf} < £3 e max.{l, \x\ 1 }. 
Therefore, for I = (£ u . . . , 4) e N n , 

^(x)VI < £i ■ ■■£ n 3 h+ - +tn Ylmax{l, \x^} < \£\ n 3 w JJmax{l, \ Xi f 1 }. 

i=l i=l 



□ 



The following Lemma uses standard tail bounds for a Gaussian random variable. We 
therefore omit the proof. 
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Lemma 4.2. Let rj > 0,t > 0, and let n>2. Then 



-r/ I?? ]x[t,oo]xIR"- 2 i&N n. i=1 
0<|£|<3 



< 3000n 3 r/(t 2 + 2)e 



-t 2 /2 



e nw 4 ^) 

0<|^|<3 



< 4n 3 2- n ^ 2 (T(n/2))- 1 (n + 2)\(t n+1 + l) e -* 2 / 2 



< 100(n + 2)!(r +1 + l) e - t2/2 . 



Lemma 4.3. Let p G (—1, 1), n > 2. Suppose f G £2(7^ with J Rn y 2 f(y)dj n (y) = 0. Let 
X\ > and X2 > 0. T/ien 



-^-T p f(x 1 ,x 2 ,0, ...,0) 



sup 

<i6[0,xi],t 2 e[0,3;2 
r?e[0,p] 



< + 2p{\x 2 \ 2 + (n + l)p |x 2 | + \xxx 2 \ + 2ra)] 

/ E II ^ /((*!' *2, 0, . . . , 0)77 + y Vl - p 2 )^) 



€6N" 
0<|^|<3 



(34) 



Proof. By integrating by parts, note that 

^ y V2f(yV 1 - p 2 ) d in(y) 

P J iz £ 2 P J 

So, using J R „ y2f(y)dj n (y) = and the Fundamental Theorem of Calculus, 



y2f(yV 1 - p 2 )din{y) 



< sup ( / y 2 ((n + 1) - y 2 )/(y vT^7)d Tn (2/) - E / ^/(y^WO^) 

1 - P tj6[o )P ] \7 ^7 



By integrating by parts again, note that 




(35) 



dx 2 



y 2 f((0, x 2 , 0, . . . , 0)p + y^l - p 2 )d ln (y) 

7=== / /((0,x 2 ,0,...,0)p + 2 /v / l 3 7)(y 2 2 -l)rf7n(2/). 

v 1 -p ^ 
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(36) 



Applying the Fundamental Theorem of Calculus to ( 136|) and then using (1351) . 



y 2 f((0, x 2 , 0, . . . , 0)p + y y/l - p 2 )d ln (y) 



< \x 2 \ SUp 

te[o,x 2 ] 



/((0, t, 0, . . . , 0)p + y^l-p 2 )^ 2 - l)d ln {y) 



+ -r^- 2 sup f / y 2 (( n +l) -yMyV^f)dln(y) - J2 [ V?V*f<vV 



ve[o,p] 

By integrating by parts as before 
d 



l - V 2 )d7n(y) 



dxi 



x 2 / y 2 f((xi,x 2 ,0, ...,0)p + y^l- p 2 )d^ r 



x 2 



P 



'\-p 2 

Combining (jg). (f3Tj) and (155]) . 



y2yif((xi,x 2 , o, . . . , o)p + yV 1 - p 2 ) d in(y)- 



(37) 



(3J 



|(d/dp)T p /(x)| < |xi| 



+ |x 2 | sup 
te[o,x 2 ] 



'I-P 2 



x 2 ,0,..., 0)p + yy/l - p 2 )d^ n (y) 



/((o, t, o, . . . , o) P + Wi-p 2 )(y2 - l)dTn(j/) 



+ 



i - v 2 )d7n(y) 



+ \xix 2 \ sup 



te[o,xi] ^1 - p 2 



V2Vif{{t, x 2 , 0, . . . , 0)p + ?/a/1 - p 2 )d-f n {y) 



We then deduce (I34p from 
4.1. The Main Lemma. 



/n 
(E(?/i - l))/((^i^2, 0, . . . , 0)p + y^T^)d ln {y) 
i=l 



(39) 
□ 



Lemma 4.4. Fix n > 2, k = 3. Let < 77 < p < e -20(n+i) 1 o 12 - 3 ("+ 2 ) ! _ ^ {,4.}^ fr e 
partition of M n smc/j £/iai (fl3|) holds. Let U C M n fre a /ixed 2-dimensional plane such that 
G IT. Assume that, for each pair i,j G {1, 2, . . . , k} with i 7^ j , there exists A' > and 
there exists a regular simplicial conical partition {B' p }p =l C MJ 1 such that 



such that 



y0-Ai(y) - i^(2/))^7n(y) = A' / y{i B 'Sy) - iB'(y))dj n {y) 

/ xdj n (x) G II, Vp G {i,j}, 
Jb' p 
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(40) 
(41) 



and such that 

{x £ ^ U B' f . l Ai {x) - l Aj (x) + l B ,(x) - l B >{x)} 

C {x £ B\ U B' } \ \d(x, (dB[) U (dB' 3 ))\ < rj V ||x|| 2 > V /Z 2k^+ (p + n) v^logp}. 

(42) 

Then, for each pair i,j £ {1,2, u>z'i/i z 7^ j, i/iere exists \" > and i/iere exists a 
regular simplicial conical partition {Bp}p =1 C M n suc/i i/iat J Rn y(l Ai (y) — lA j (y))c?7n(y) = 
A" / Rn — lB'.'iy^d'jndi) , such that j B „xd^ n (x) £ II, Vp £ {2, j}, and stzc/i £/ia£ 



{x £ 5-' U l Ai {x) - l Aj (x) ^ l B n{x) - 1 B »(X)} 



C {x £ £f n |d(x, (dS") U (&B''))| < pr/ V ||x|| 2 > ^-2 log(pr/) + 1}. 



(43) 




Figure 1 . Depiction of Lemma PI 



Proof. Fix z, j £ {1, 2, . . . , k} with z 7^ j. By applying a rotation to IR n , we assume that 
B\ n BJ- C {x £ R n : xi = 0}, and B\ C {x £ M": Xi > 0}. Assume that (@2D and (00]) 
hold. Let ra'j £ M n denote the interior unit normal of B\ such that n\ is normal to (dB^) \ Bj, 
and let n'j £ M n denote the interior unit normal of B'- such that n'j is normal to {dB'-) \ B\. 
Define Bi , Bj such that 



Bi = B; 



2r, 



' V-2 1ogr) 



£-U{x £ R": xi > A (n'^x/ \ \x\\ 2 ) > -2n/^-2 log 77}, 



S j = £j 



V-2 1ogJ? 



:= fi' U {x £ M n : xi < A (n'-,x/ ||x|| 2 ) > -2r// y/-2 log 77}. 



Let x = (xi, . . . , x n ) £ 5j U 5j. If Xi < y^v 1 ~~ P 2 //°> then 



7n 5 



> / e"' /2 dt/V2^ > — — r-^t 



2tx 2y/n 



n/2 > 



1OO0T 



So, using Lemma |3T2| (J7J), and p < 10 5 ra 3 / 2 e n , if x £ Bi U £?j then 

-,Niy/ (2 (iV)) ,px 2 <-l/V3. 



1 U I e -x?p»/(2(l-p»)) I I < X v > o 

sign^O-LT^-l^^x)^^ 1 ^ 1 



9p|x 2 r 
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(44) 



(45) 



Let a : R n — > M n be a rotation such that the Xi-axis is fixed. For any such rotation, let 

g(x) = g a (x) := Ia^x) - Ia^x) - (l Bi (crx) - l Bj (ax)). (46) 

By (I4UI) . and since Bi U Bj is symmetric with respect to reflection across Bi fl Bj C {x G 
R n : Xl = 0}, 3 A > such that j y{l Al {v) ~ U 3 {y)) d ln{y) = X J y{l Bi {y) - l Bj {y))d ln {y). 
So f Rn y29(y)dln(y) = 0, for all such rotations a. For x G M n , 

|LT p (l Ai - l Aj ){°x) - LT p (l Bi - l Bj )(ax)\ < \LT p g(x)\ . (47) 

By PET) . |gf| < 2. Applying ( 142]) and OH]) and the inclusion-exclusion principle, g = on 
the set 

fe6R n : d(ay - px, (dB'J U {dB'j)) > rj + 3rj 

A \\ay- px\\ 2 < v / -21ogr/ + (p + rj) -2 log p}. 

Let x G R n with ||x|| 2 < — 41og(r/p). Since < t] < p, we have p||x|| 2 < — 4plog(?7p) < 
— 8plog?7. By fl4"2"]) . Q4"T]) and the inclusion-exclusion principle, g ^ only on the following 

sets: {y G M n : |d(o-y - px, {dB 1 ^ U (ftBJ-))! ^ W 1 ~ P 2 } and {?/ e Rn; lky-HI 2 > 



a/— 2 log 77/ y 1 — p 2 }. Then Lemma I4T21 says 



sup 

il S [min(a;i ,0),max(xi ,0)] 
t2e[min(a:2,0),max(a;2,0)] 0<|£|<3 
a£[0,p] 



tt 2 )c?7n(2/) 

< 500000n 3 4r/ + 200(n + 2)!((— 2(1 - 2p) log r^ 1 )/ 2 + l)r/^ 2p . 



Using Lemma S3 



< -41og(p?7) A \xi\> (pr]) 1/3 

|£T p (l Aj - l Aj )(xi,x 2 ,0, . . . ,0) - LT p (l B . - l B .)(xi,x 2 ,0, ...,0)| 

< [|xi| + 2p(|x 2 | 2 + (n + l)p |x 2 | + |zix 2 | + 2n)] (48) 

• [500000n 3 4r/ + 200(n + 2)!((-2(l - 2p) logr/) {n+1)/2 + l)^ 1_2p ] 

< 10 7 (n + 2)!(-21ogr/) (n+5)/2 r/ 1 " 2p . 

Also, by 045]), and using that < rj < p < 10~ 5 n~ 3/2 e~ n , 
\\x\\l < -41og(p?7) A x G ^ U 

Combining ggj and gSJ, using OH and < rj < p < e -20(n+i) lol2 (™+2)^ 
\xi\ > {pr]) 1/3 A ||x|| 2 < -41og(p?7) A i 6 B; U B, 

(50) 



|LT p (U - 1 , )(x) - LT p {l Bt - l B .){x)\ < ^ 



A sign(x!) • LT p {l Bi - l B Mx) > (pT^^-^pT^min ( 1, 
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pV-4 log?7py ' 



By dSO]), 

N > (pp) 1/3 A \\x\\ 2 2 < —4 log(pp) A x G S.U^ sign(xi) • LT p {l Ai - l A .)(x) > 0. (51) 

Finally, applying (1ST]) to Lemma [2~71 for all / G {1, . . . , k}, i' ^ f, and using (144|) together 
with the inclusion-exclusion principle, 

N > (P^) 1/3 A \\x\\l < -41og(pp) A x G BjU-B} sign(zi) • (l Ai (x) - U,(z)) > 0. (52) 



For x = (xi,...,x n ) G M n with ||x|| 2 < — 21ogp, we have p||x|| 2 < p^/—2 log p. Suppose 
also that \xi\ < p and x G Bill Bj. By flH]), (jl2]), ([52]), (gl]) and the inclusion-exclusion 
principle, g ^ only on the following sets: 



{y G E": |d(<7j/ - px, (B t fl Bj) U [(£?, U £?,) \ (^ U ^)])| < 77/^ " P 2 }, 
{y G R n : |d(<7j/ - px, (B, fl U [(£?, U Bj) \ (^ U < (pp) 1 / 4 



A \\ay- px\\ 2 > V-21ogp}, 

G K™ : \\ay-px\\ 2 > (1 + 1/10) f^M/^/T?}. 
We then apply Lemma 14.21 to get 



sup 

ti 6[min(xi ,0),max(a:i,0)] 
i2S[min(a;2,0),max(x2,0)] 0<|i|<3 
ae[0,p] 



/ II *2, 0, . . . , 0)a + yVl - o?)d ln {y) 



< 500000n 3 p + 500000n 3 (pp) 1/4 (-2(l - pf log 77 + l)p (1 ~ 



p) 2 



+ 200(n + 2)!((-31og(pp)) (n+1)/2 + l)(pp) 3/2 + 1600(n + 2)!2p/v/-21ogp. 
So, using Lemma [4.31 an d < p < p < g- 20 ^ 1 ) 10 n (n+2) ^ 
p 3/4 p < \xi\ < r) A ||x||2 < -21ogp A x e BiUBj 

\LT p (l Ai - IaJ (21,3:2,0, ... ,0) - LT p (l Bi - l Bj )(xi,x 2 ,0, . . . ,0)| 

< + 2p(|x 2 | 2 + (n + l)p \x 2 \ + |xix 2 | + 2n)\ 

• 500000n 3 3p + 500000n 3 (pp) 1/4 (-2(l - pf logp + l)p (1 " p)2 



+200(n + 2)!((-3 log(pp)) (n+1)/2 + l)(pp) 3/2 + 1600(n + 2)12^/^-2 log; 
10 IH 

(53) 

Also, by flU, 



VP 3/i < Nil <?7 A ||x|| 2 < -21ogp A x G ^U^- =^ sign(xi) • LT p (l Bf . - l Bj )(x) > — . 

(54) 

Combining (153]) and ( 154]) . and using ( 146]) . 

pp 3 / 4 < |xi| < p A ||x|| 2 < -21ogp A x G BiUBj sign^O-LT^U.-U.)^) > 0. (55) 

Similarly, by (153]) and ( 146]) . we have the following estimate. 

V < \xx\ < (pp) 1/3 A ||x|| 2 < 1 A x G Bi U B 3 ; =► sign(xi) • LT p (l Aj - l A .)(x) > 0. (56) 
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Finally, applying (|55|) to Lemma [2. 71 for all i',f £ {1, . . . , fc}, and using (144)) together with 
the inclusion-exclusion principle, ( ISTj) and (156|) . 



?7P 3/4 < |xi| < rj A \\x\\l < -21ogp A x £ sign(xi) • (l Ai ( x ) ~ 1 A j (x)) > 0. (57) 

In summary, (15T|) and fl52|) improve our initial assumption (j4~2]) . We now repeat the above 
procedure with the improved assumptions. Before continuing, we need to redefine Bi,Bj. 
Via OH, let 

Bi := B im J ^ ga V s * := B jain (^x a ^ (58) 

l ' mm ^V-21og P V-21og7, J J,min^ v _ 21ogp v _ 2log?) j 



2/1 



V-21ogp 



1/4 



(El 



V-21og77 



-4 log(pr?) 



r/p' 



3/4 



Figure 2. Integration regions near 5^ fl B', for ([59 



Let a; with \\x\\\ < -41ogp, rjp < \x x \ < r). Let B := (Bi n By) U [(Bi U R,) \ (B[ U BJ.)]. 
Suppose x £ Bi U also. By ( 157|) . (1421) . (I52I) . (141]) and the inclusion-exclusion principle, 
g ^ only on the following sets 



{yel 


r: |d(<7y- 


{ye i 




{ye i 


r: |d(t72/- 


{ye i 


EP: ||<tj/- 



\ay- px\\ 2 



> 



-21ogp 



P 2 }, 



P , \\<ry - px\\ 2 
px\\ 2 > (1 + l/10)V-31og(p7 7 )/Vl-p 2 } 
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> 



-2 log 7] 



P 2 h 



We then apply Lemma 14.21 to get 



sup 

tl e[min(a;i,0),max(a;i,0)] 
t2£[min(x2,0),max(x2,0)] 
ae[0,p] 



„ n 

/ Yl Y[\yi\ ei 9((ti,t2,0,...,0)a + yVl^)d ln (y) 



It^W 1 : i=l 
0<|£|<3 



< 77p 3/4 500000n 3 + 500000n 3 r/(-2(l - V2p) 2 log p + l)^ 1 -^* 
+ 500000ri 3 (r/p) 1/4 (-2(l - V2p) 2 logr/ + l)^ 1 '^ 
+ 200(n + 2)!((-31og(r7p)) (n+1)/2 + l)(p V ) 3/2 
+ 1600(n + 2)! min(2p 3/ Vv/-21ogp, 2ri/y/-2logr]). 
Applying ( 159]) to Lemma 14.3] using ( 146]) and r] < p < e - 2 °( n + 1 ) 10 n (n+2) ' ; 
IMI2 < -41og(p) A ?7p < \xi\ < 7] A x G Bi U JBj 

\LT p (l Ai - l A .)(x) - LT p (l Bi - l B .)(x)\ < ^ PV . 



(59) 



(60) 



Also, by (gSD, 
pt] < \x\\ < f] A \ \xW2 < —4 log p A x G BiUBj 



sign(x 1 )-LT p (l Bi -l Bj )(x) > — prp (61) 



So, combining fl60|) . (1ST]) for all i',f G {1, . . . , &;}, z' 7^ f, Lemma [27T| ( 158]) . and by applying 
the inclusion-exclusion principle, ( 151]) and fl56|) . 

p?7 < |xi| < 77 A ||x|| 2 < -41ogp A x G U ^ sign(xi) • (l Ai (x) - 1a,- fa)) > 0. (62) 

The estimate (162]) now has a cascading effect on the estimates below. From (162]) . 

p' 9 ?7 < < 7] A I |rc 1 1 2 < -41ogp A x G B[ U Z^- =>- sign(xi) • (lA^fa) - 1a.,- fa)) > 0. 

This estimate can be iterated on itself. Let K G N, K > 1, and let M G N with 
< M < y/K. Suppose p m > 77 1/5 . We prove by induction on K and M that 



2 M V 9A ' < M < V A ||x||2 < -2 A/+2 logp A 1 G B ■ U 
sign(xi) ■ (1a, fa) - U.-fa)) > 0. 
We already verified the case M = 0, K = 1. We assume that, for < m < M, 



rip 



9A ' < Nil < 77 a iixii 2 < -2 m+2 iogp aigb;u b; 

==> sign(xi) ■ (l^fa) ~ La, fa)) > 0. 
Assume also that, for M < m < \JK — 1 and K > 1, 

2 m2 r ] p- 9{K - 1) < \xi\ < 77 A ||x||2 < -2 m+2 logp AiGB-U B) 
=J> sign(xi) • (1a* fa) - U^-fa)) > 0. 
We will conclude that (1641) holds for m = M, i.e. 

2 M V 9A ' < N < ?7 A ||x|| 2 < -2 A/+2 logp A x G B[U B\ 



We repeat the calculations 



signal) ■ (l Ai (x) - 1a.,- fa)) > 0. 

through (1621 . Redefine Bi,Bj so that 
21 



(63) 



(64) 



(65) 



(66) 



If M > 0, we use (J64]) for m = M — 1. For any M > 0, we use (J65J) for M < m < y/K. 
Let x,M with < -2 M+2 logp < -2 l ^ i+2 \ogp < -4 log 77, 2 M \p aK < \ Xl \ < rj, 

xeBiU By Let B := (Bt fl Bj) U [(5* U Bj) \ (B[ U Sj)]- Combining flM}, (jMJ), g2]), (JS2J, 
(|4TT) and the inclusion-exclusion principle, g ^ only on the following sets 



{y G R n : \d(ay - px, B)\ < min(M, 1) • 2^-^ r) P 9K j ^1 - p 2 }, 



U M < m < Lv ^Tj {y G M" : |dfa/ - px, B)\ < 1 m \p^ K -^j^i\ 

\\ay - px\ | 2 > min(m, 1) • >J-2 m+1 logp/v 7 ! - p 2 }, 



|rf(ay-px,i?)| ^^ll^-pa:!!^ V^^^logp/v/W 2 }, 
{?/ G M™ : Id^-px,^)! < W^/Vl-^lkjZ-HIa > v 73 ^!^/ ^1 - p 2 }, 
{y G M™ : \\ay - px\\ 2 > (1 + 1/10)^-3 logW/^l - p 2 }. 
We then apply Lemma 14.21 to get 



sup 

fiS[min(xi ,0),max(xi,0)] 
i2e[min(x 2 ,0),max(a;2,0)] 0<|i|<3 
a€[0,p] 



n <t> 

/ Z H\yif i g((ti,t2,o,...,o)a + yVT 

feN": i=l 



< min(M, 1) • 2 (A/ - 1)2 pp 9K 500000n 3 
+ 7j(-(l - p) 2 2 L ^ J+2 logp + l)p^ 22 ^ i+1 500000n 3 



+ 500000n 3 ^ 7] P - 9{K - l \-{l -p) 2 2 m+1 logp + 1)2' 



■m 2 (l-p) 2 2 m -min(m,l) 



m=M 



+ 500000n 3 (pp) 1/4 (-2(l - v^pflogp + l)^ 1- ^ 3 

+ 200(n + 2)!((-31og(pp))(" +1 )/ 2 + l)(pp) 3/2 

+ 1600(n + 2)! min(2pp- 9K /v/-4 logp, 2rj/y/-2logr]). 

Applying ((68]) to LemmaSSl using g6]), rj < p < e -20(n+i) lol2 " 3 <»+ 2 > ! ^ and p .9x > ^ 

|| x || 2 < -2 M+2 log(p) A 2 M2 rjp- 9K < \xi\ <r] A x E BiU Bj 

1 , (69) 
=► |LT P (U - l A] ){x) - LT p (l B , - l Bj )(x)\ < -2 A ' V p- 9K . 

Also, by ( BSD , 

2 M2 r]p- 9K < \xi\ < rj A ||x|| 2 < -2 A/+2 logp A x E BiU Bj 

1 2 (70) 
=► sign(x 1 ) ■ LTp{lBi - l Bj )(x) > -2 M2 V p- 9K . 

22 



So, combining (|69|) . (170|) for all 2',/ G {1, . . . , i' 7^ j', Lemma I2T7] ( )67j) . and by applying 
the inclusion-exclusion principle, ( )5T|) and (156|) . 

2 M2 7] P - 9K < \xi\ < i] A \\x\\l < —2 AI+2 log p A x G B[V}B) sign(xi) • (^.(x) - 1 A (x)) > 0. 

(71) 

Thus, the inductive step is completed. 

Let K G N with -2 logp < -2 lVWi+2 logp < -4 log 77. Then (HQ and (g2j) say that 



2 K r]p- 9K < < 1 A ||x||2 < -2 log 77 Ax G BjU-Bj =>> sign(xi)-(U.(x)-l^.(x)) > 0. (72) 

We perform another induction, though this time we hold K fixed and use the additional 
ingredient ([72]). Let M, R G N with < M < v 7 ^, i? > such that p - 9 ( K+R ) > rpV 5 . We 
will induct on M and B. We assume that, for < m < M, 

2 m* vp .9(K+R) < \ Xl \ < v A \\x\\l < -2 m+2 logp A x G B,' U 5' 

(73) 

sign(xi) • (l^ar) - Wx)) > 0. 



We know that the case B = 0, < M < V/Y of (1731 holds by (|66|) . We therefore assume 
that B > 1. Assume also that, for M < m < \/~K, 



2 m r/p- 9( ^ +R - 1} < |xi| < 77 A < -2 m+2 logp AiGBjU 5; 

sign(xi) • (lAi(x) - 1-Ajix)) > 0. 

We will conclude that (173"]) holds for m = M, i.e. 

2 M V 9(M) < N < V A ||z||^ < -2 M+2 logp A x G 5,; U Bj 
sign(xi) • (l^x) - lAj(x)) > 0. 

Redefine B;, Bj so that 



(74) 



(75) 



i.mm — , 5 , ,— ; 7, mm 1 — , , , 

If M > 0, we use (EHJ for m = M - 1. For any M > 0, we also use (J7JD for M < m < v 7 ^- 
Let x,M with < -2 A/+2 logp < -2 L%/Fj+2 logp < -4 log 77, 2 M \p aK < \ Xl \ < 77, 

iGBiUBj. Let B := (B; n By) U [(B t U B,) \ (B- U B'j)]. Combining ([72]), (J7JJ, g2J, ([52]), 

(HU), and the fact that -21ogp < _2 LVAJ+ ' logp < -4 log 77, we conclude that g ^ only on 
the following sets: 

{y G M n : |d(cry - px, B) | < min(M, 1) • 2^ I ~ 1 ^7 1 p^ K+R ^ /^/T^p 2 }, 

U M < m <lVK] iv e R B = |d(^-px,B)| < 2"V 9(W1) /^WS 



Hffy -px|| 2 > min(m,l) • ^ -2 m ^ log p/^/l - p 2 }, 
{t/GM": |cZ(^-px,B)| < ^7^/1^7,11^ -px|| 2 > ^/^Toi^/v^^}, 
fee*": Iky - Px\\ 2 > (1 + 1/10)^-3 log(pr/)/v/l - p 2 }. 
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We then apply Lemma 14.21 to get 



sup 

ti S[min(a;i ,0),max(xi,0)] 
t2G[min(a;2,0),max(x2,0)] 0<|i|<3 
ae[0,p] 



„ n 

/ Yl II *2, 0, . . . , 0)a + yy/l - a*)d ln (y) 



<£N" : i=l 



< min(M, 1) • 2 {A/ ~ 1)2 77p' 9{K+i?) 500000n 3 
+ 500000n 3 £ r / p- 9 ^ +fl - 1 )(-(l-p) 2 2 m+1 logp+l)2 m2 p (1 " p)22m 

m=M 

+ 500000n 3 (r/p) 1/4 (-2(l - v^p) 2 log// + 1)t7 {1 ^ )2 
+ 200(n + 2)!((-31og(77p)) (n+1)/2 + l)(p?7) 3/2 



(77) 



+ 1600 (n + 2)! mm(2r)p- 9{K+R) / v 7 -4 log p, 2r// v / -21ogr/). 
Applying ((77j) to LemmaHSl using (j46]), 77 < p < e -20(n+i)M 12 « 3 ("+^ and p .9(/Y+fl) > ^ 
NI2 < -2 A/+2 log(p) A 2 A/2 r/p' 9 ^ +R ) < < 77 A x £ U B j 

=► |LT P (U - - LT p (l Bi - l Bj )(x)| < ^V^- (T8) 

Also, by ( BSD , 

2 M^.9(K+R) < < jy /\ || x ||2 < _2 A/+2 l gp A I £ 5; U ^ 

1 (79) 
=► BignCn) • LT p (l Bi - 1^.)^) > -2 A/ V 9(M) - 

So, combining ( ITS]) . ( 179|) for all i',f G {1, . . . , A;}, i' 7^ j', Lemma |2~71 ( ITS"]) , and by applying 
the inclusion-exclusion principle, ( )5T|) and ( 156|) . 

2 M V 9 < Ar+ *> < < 77 A I |x| I2 < -2 M+2 logp A x G B{ U S$ q 
sign(xi) • (1a, (x) - \Aj{x)) > 0. 

Thus, the inductive step is completed. Let M = [\fK\ ■ Let R G N such that 77 1 / 5 < 

p .9(K+R) < ^l/5p-.9_ Jf nQ gucn ^ existg) then p .9A' < ^1/5^ go p .45K < ^1/10 j &nd (jggj below 

holds by combining (JS) and (J32). Otherwise, i? > 0, so (EDD and (EE]) say that 

2 K r) 6/5 p-- 9 < \xx\ < 1 A \\x\\ 2 2 < -2 log 7/ A x G B[UBj sign(xi) • (1 A (x) - l A -(x)) > 0. 

(81) 

Since t/ 1/5 < p- 9 (™) < r7 1/5 p"' 9 , note that 77 1/10 < p- 45 (™) < r) 1/w p- 45 , so for i? > 2, 
we have 1 K rfl h p~- 9 < 2V 45 V 45 V 1/10 P~- 9 < ^ 11/10 - If R = 1, and if # > 2, note that 
2V /5 P"' 9 < 2^p- 2 V 25 V 45 ^ n/1 V - - 9 < V 11/W - If ^ = 0, K > 3 then 2 K rf' 5 p- 9 < 
2 K p .iK p .35K r] ii/io p ~.9 < ^11/10 if i < i? + A' < 3, then (1/5) log// < 31ogp and 21ogp < 

(1/5) log 77, so f )68|) directly implies f )82|) . More specifically, by ( 168]) . Lemma |4~3] fl5T]) and (|56|) . 
sign(xi) • (1^ — 1a,)(x) > for x G £> 4 ' U £>j with ||x|| 2 < — 21og77 and r\p 9K p 9 < \x\\ < 77. 
Now, p A5 ( K + R ) < n 1/10 p~ A5 , so rjp- 9K p- 9 = r}p A5K p A5K p- 9 < r]p A5K p A ^ K + R ) < 77 11 / 10 . 
In the latter case, (|82|) follows, and in the former cases, (IHTT) implies 

V U/W < \xi\ < 1 A llxll 2 , < -21og?7 Axe BlUB'j => sign(xi) ■ (l Al (x) - l^(x)) > 0. (82) 
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In all cases, (182]) holds. We can finally use (182]) to conclude the proof. 
Redefine Bi, Bj so that 

Let x with Hsc]^ < — 41og(?7p) < —8 log r/ and ry 21 / 20 p 1 / 2 < < (r/p) 1 ^ 4 . Let 5 := 
(5i n Bj) U [(^ U Bj) \ {B[ U B))]. Suppose i G fi; U B^ also. Combining fl52]), (E2D, and 
(I4ip . g ^ only on the following sets: 

{yeR n : \d(ay-px,B)\<r] n / 10 /^/r^}, 

{yeR n : \d{ay-px,B)\ < {pr,) 1 ' 4 /^! - p\ \\ay - px\\ 2 > y/-2 log v / y/l - p 2 }, 



{y G M™ : ||<ry - px\\ 2 > (1 + 1/10)^-3^(^/^1 - P 2 }- 



We then apply Lemma 14.21 to get 



sup 

ti £[min(a;i ,0),max(xi,0)] 
i 2 6[min(a;2,0),max(a;2,0)] 0<|i|<3 
ae[0,p] 



„ n 

/ S II ^ 9((ti,t 2 , 0, • • • , 0)a + y Vl - a 2 )rf 7 n(y) 

■/M" ^ 6 N"; i = l 



< 500000n 3 r/ 11/10 + 500000n 3 (pr/) 1/4 (-2(l - 2p) 2 log7? + l)r/ (1 " 



2p) 2 



+ 200(n + 2)!((-31og(r/p)) (n+1)/2 + l)(pr/) 3/2 + 1600(n + 2)!2r/ 11 / 10 / v /-2 log 77. 

(84) 

Applying ( 184]) to Lemma [4731 using ( ]4"6]) and rj < p < e" 20 ^ 1 ) 10 71 (n+2) -^ 
INI2 < -41og(77p) A r/ 21/20 p 1/2 < |xi| < (r/p) 1/4 A a; G B t U B^ 
=► |LT p (l Ai - l A .)(x) - LT p (l Bi - l Bj )(x)\ < ±-v 21/2 °P 1/2 - 



10 



Also, by gSD, 



7] 21/20 p 1/2 < |xi| < (r/p) 1/4 A ||x||2 - 41og(?7p) A x G B; U B 



j 



=► sign(x 1 ) ■ LT p (l fli - l B ,)(x) > ^V 2 - m 

So, combining ( |85|) . ( 186]) for all z , / G {1, . . . , fc}, i' 7^ j', Lemma |2~T] ( )83|) . and by applying 
the inclusion-exclusion principle, ( )5T|) and ( 156|) . 

< < (w) i/4 A ||x|| 2 < _ 41ogM AaieB-U b; 

=^ sign(xi) ■ (lAi(a;) - 1a, X x )) > °- 

So, (EZD and §2$ say that 

r/ 21/2 V /2 < A ||a;|| 2 < -41og(r/p) Ax G fi-U^. =^ sign(xi)-(l Al (x)-l Aj (x)) > 0. (88) 

Finally, we use (155]) in place of (152]) and repeat the computations (154"]) through (157]) to get 

W < N A < -41og(r/p) A x 6 5| U Sj. sign(xi) • (l^(z) - l^(x)) > 0. (89) 

In conclusion, (p} follows from ({59]) and P0]h letting B/ := B\ and BJ := £<. 
For completeness, we derive (159"]) . Redefine B iy Bj so that 

^ := ^i,2r ? 21 /20pi/2/ v /„ 41o g( r?p ) , -Bj : = B j ^ 21/20pl/2/ ^/_ 4 log(r?p) • (90) 
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Let x with \\x\\^ < — 41og(pp) < —8 log 77 and pp < \x±\ < (pp) 1 / 3 . Let B := (£>j R £?.,•) U 
[(Sj U Bj) \ (B'i U B'j)}. Suppose i£fl f U Sj also. Combining (EH}, ([52]), and fl4T]), 5 ^ 
only on the following sets: 

{yeR n : ^{ay-px.B^Kr, 21 ' 2 ^ 1 ' 2 /^!^}, 

{yeR n : \d(ay-px,B)\ < (pr}) 1/3 / y/T=? , \\<ry - px\\ 2 > y/-2 logrj/Vl - p 2 }, 
{pGM™: I |ay - px|| 2 > (1 + l/lfl)f31og( ffl )/v/l - p 2 }. 
We then apply Lemma 14.21 to get 



/ H Y[\y i \ ii g((t 1 ,t 2 ,0,...,0)a + yVT 

n feN": i=l 



a 2 )d^ n (y) 



sup 

fl S[min(xi ,0),max(a;i,0)] 
<2 6[min(x2,0),max(2;2,0)] 0<|£|<3 

«e[o,p] " 
< 500000n 3 r/ 21/20 p 1/2 + 500000n 3 (pr/) 1/3 (-2(l - 2p) 2 logp + l)r/ (1 - 2p)2 

+ 200(n + 2)!((-31og(pp)) (n+1)/2 + l)(pp) 3/2 + 1600(n + 2)!2p 6/5 p 1/ 7v / -4 log(pp). 

(91) 

Applying f [9T]) to Lemma H~3l using f [46|) and rj < p < e _20 ( n+1 ) 10 n (n+2), ; 

1 1 re 1 1 ^ < -41og(pp) A ?7p < < (rpp) 1/3 A x E BiU Bj 

, 1 ( 92 ) 
|LT p (l Ai - U.)^) - LT p (l Bi - l B .)(x)\ < -pp. 

Also, by (14"5]1 . 

?7P < < (??p) 1/3 A ||x||2 - 41og(?7p) A x E BiU Bj 

1 (93) 
sign(xi) • LT p (l Bj - l Bj .)(x) > —pp. 

So, combining ([92]) . ([93]) for all z',/ G {1, . . . , A;}, z' 7^ j', Lemma |2T[ f [90[) . and by applying 
the inclusion-exclusion principle, f l5T[) and ([56]) . 

VP < Nil < (^P) 1/3 A \\x\\ 2 2 < -41og(pp) A 2 G B-UBj- sign(xi) ■ (^(ac) - Ia 3 {x)) > 0. 

(94) 

Then, flM} and ([35]) say that 

PP < A ||x||2 < -41og(pp) A z G B\ U Bj. sign(xi) • (l^(z) - l^(z)) > 0. (95) 
Finally, ([89]) follows from ([95]) . completing the proof. □ 

5. Proof of the Main Theorem 

Theorem 5.1. Fix k = 3, n > 2. Define Afc(7„) as in Definition \2. II and define ip p as 
in (I14p . Lei {-Bj},f =1 C M n fre a regular simplicial conical partition. Then there exists 
Po — Po( n ik) > snc/i i/iai, /or p G (0,p ), (1b 1 , . . . , l_B fc ) uniquely achieves the following 
supremum 

sup / fi LT pfi d ln= sup ^ p (/i,...,/ fc ). 

(/i,...,/fc)eA fc ( 7 „) i=1 J (/i,-,/fc)eA fe ( 7n ) 
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Proof. By Lemma [2.71 let {Aj}f =1 be a partition of MJ 1 such that 



^ p (l Al ,...,l Ak ] 



SUP VV(A> • • ■ ifk)- 

(/l,...,/fc)6A fc ( 7n ) 



(96) 



By (HHP, write 

i=i ^ i=i £eN™ 

For i G {!,..., fc}, let Z\ : = xd^ n [x) G I 



Then 



5^ / l Ai LT p l A .d ln - 

i=l ^ i=l 



Therefore, 

fe 



('Lemma l2.5t 



(§3 



< 3&p. 



(96) 



(97) 



8=1 



@3 

> Vo(lfli, ■ • • 7 lfl fc ) - 



sup ^o(/i, ••-,/*) -6fcp. 

(/i,...,/ fc )eA fc ( 7n ) 



For z G {1, . . . , fc}, let iw; := J B xdj n (x). By Lemma f373l let 6kp < E\ so that 

d 2 ({A}f=i,Wt 1 )<6(6A;p) 1 / 8 , (98) 



1/2 



' 1 1 1" 



< 6(6A;p) 1/8 . 



(99) 



,i=i 



Let x = (x 1 , . . . , x n ) G K n , let z,j G {!,..., fc}, i 7^ j, and write the following equality of 



L? functions 



(100) 



Let £ = (£1, . . . ,£ n ) G N n . By applying an orthogonal change of coordinates to {A p } k =1 , we 
may assume that eg = when \£\ — 1, £\ — 0. By (JTj) and (jSJ), write 



(101) 



feN" 



Let x G M n with | |^ < -logp 3 . Since d 2 {{A p } k p=1 , {B p } k p=l ) < 6(6&p) 1/8 , there ex- 



ists {B p } p=1 a regular simplicial conical partition, such that ($^ p=1 ||1a p — ■'■• B ^||i 2 ( 7n )) 1/ ' 2 < 

(102) 
(103) 



6(6A;p) 1 / 8 . In particular, 

x(l Al (a;) - I a Ax) - (1b»(^) - l B''{x)))d^ n {x) 



x(l (AiUAj) o(x) - l iB » uB »y{x))d"t n {x) 
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< 6(6£;p) 1/8 , 
< 6(6A;p) 1/8 . 



Since k = 3, and since Ylp=i f A x ^7n( x ) = Jr™ xd^ n (x) = 0, there exists a 2- dimensional 
plane II C W 1 such that G IT and such that, for all p G {1, . . . , k}, J A xd^ n (x) G II. 
Let {B' p }p =1 be a regular simplicial conical partition such that 



(Ell^-^llL^J <10(6M 1/16 , (104) 
such that for fixed z ^ j, i,j G {1, . . . , k} and for some A' G IR, 

/ x{l Ai {x) - l Aj {x))d ln {x) = >! ! x(l B <(x)-l B <(x))d ln (x), (105) 

</R' 1 JR™ 

and such that 

f x{l {B ^ B , Y )d ln {x) G n. (106) 

</R™ 

Such {5^}^ =1 exists by (1TP2]) . using |K - Wj\\ 2 = 3^/(4^) and p < (10000A;)- 8 . 
Specifically, we first apply a rotation to {B p }p =l such that ( II 051) holds. Then, by f l 1 3 D . 
we then apply another rotation that fixes the X\ axis, so that (I106P holds. By (I102p and 
( I103p . each of these two rotations moves a given unit vector in W 1 a distance not more than 
12(6kpy/ 8 . And since we are rotating three polygonal cones with two faces each, ( 11041) holds. 

Using ffTMD and the triangle inequality, (££=i IIU* - l^ll! 2 ( 7n) ) 1/2 < 20(6£;p) 1/16 . Also, 
using that c e = for \£\ = l,h = 0, ffT05|) implies that B\ n ^ C \x G R n : Zi = 0}, and we 
may assume that B[ C {x G W 1 : x\ > 0}. 

Let n! i G M n denote the interior unit normal of B\ such that v! i is normal to {dB'j) \ Bp 
and let n'j G M n denote the interior unit normal of Bj such that n'j is normal to {dBj) \ B\. 
Then, define Bi, Bj such that 



B % := B[ U {x G R n : x x > A ||x|| 2 ) > -4p 21 / 20 / ^-3 logp}, 

^ :=Bju{i6»": Si < A {n'^xj \ \x\\ 2 ) > -4p 21/20 /\/- 3 lo SP}- 

Since -B, U is symmetric with respect to reflection across Bi D -Bj = 5- PI i^-, equation 
(11051) implies that there is a A > such that 



x(l Ai (x) - l A] (x))d ln (x) = A / x(l Bi {x) - l B .{x))d ln {x). (108) 

Combining (J5J, 0, and (jTDgjl . there exists |6i| < 50(6A;p) 1 / 16 such that 
LT p (l Ai - l Aj )(x) - LT p (l Bi - l Bj )(x) - X\b\ =: ^ b e \£\ p W ^h e (x)^.. (109) 

i&N n : \£\>2 

Choose Pl so that < p < p a implies lOOfc 1 / 16 YZ=2 m{m + n- l) n p m - 2 m n 3 m (- log p 3 ) m / 2 < 
p-i/80/20. Recall that the number of £ G N n such that \£\ = m is equal to < 
(m + n - l) n . Note that, \b e \ < lOOA; 1 / 1 ^ 1 / 16 , ^ G N n , \£\ > 2. By (1T091 . Lemma El and 
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(110) 



since ||x|| 2 < — logp , 

\LT p {l Ai - l Aj )(x) - LT p (l Bi - l Bj )(x) - xih\ 

< lOO^V 7716 \*\P W ~ 2 Mx)\VH 

e&N n : \i\>2 

n 

< lOO^V 7716 E \e\p ]th2 \£\ n 3 w l[maxil,\x i \ ei } 

e&n n : \e\>2 t=i 

oo 

< lOOfc^p 17716 ^ m(m + n - l)>— 2 m n 3 m (- logp 3 )™/ 2 < p 21 / 20 /20. 

m=2 

From Lemma I3T21 and (j7|), for x = (37, . . . , with i?j D Bj C {x E M. n : Xi = 0}, 

xeBiUBj A \\x\\l < - logp 3 =}► sign(xx) • LT p (l Bi - l B .){x) > (1/10) |xi| . (Ill) 
Then fTTTO]) and ffTTTj) show that 

|zi| > p 21/20 A ||x|| 2 < - logp 3 AiGB.UBj^ sign(xx) • LT p (l Ai - l A .)(x) > 0. (112) 

By (195]) . Lemma |2~TI and by applying (I112p for all z', j' G {1, . . . , k}, i' ^ f, along with 
the inclusion-exclusion principle, 

> p 21/20 A ||x|| 2 < - logp 3 A x G B\V}B' 3 =^ sign(xi) ■ {l Ai ( x ) ~ 1 a 3 (x)) > 0. (113) 

From ffTTgj) . 

xeBlU B' 3 A \d(x, (dB[) U (OB'j))] > p 21/20 A ||x|| 2 < - logp 3 
sign(xi) ■ (l Al ( x ) ~ 1 a,(x)) > 0. 



(114) 



Recall that there exists a 2-dimensional plane II C ~R n such that G II and such that, for 
all p G {1, . . . , k}, f A xd^ n (x) G II. Define 



S '.= span \ I (l B '.(x) - l B '.(x))xd7 n (a:), / (l^(x) - l(^ UjB ')c(x))xrf7 n ,(x) 

(lm(x) - l {B [vjB'Ax))xd^ n (x) 



Note that 5 is a 2-dimensional plane and G S. By (I105p . f Rn (l B '.(x) — 1 B >. (x))dj n (x) G II. 
Moreover, since {B' { , Bp [B' i U Bj) c } is a regular simplicial conical partition, 



S = span ^ / xd'yn(x), / xc?7 n (x), / xd^ n (x) 

IB' Jb'. JiB'uB'Y 

From fll06p . 5 and II are 2-dimensional planes that both contain the linearly independent 
vectors /( S / Ufl /) C xdj n (x) and §- Rn {l B '.{x) — l B i.{x))xd'y n {x). We therefore conclude that S = II. 
In particular, 



xd'jn(x) G LI, Vp G (115) 
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Let po := min(p 1 ,ei/6A;,e- 20(n+1)10l2 " 3(n+2)! ). Using (fITIj) . ffT05l) and ([USD, w e can itera- 
tively apply Lemma [4.41 an infinite number of times. Therefore, {^4j}^ =1 must be a regular 
simplicial conical partition. □ 

Theorem 5.2 (Main Theorem). Let n > 2,k = 3. There exists po = Po{ n ,k) > such 
that Conjecture U\ holds for p £ (0,po). Moreover, up to orthogonal transformation, the 
regular simplicial conical partition uniquely achieves the maximum of fl2]) in Conjecture [3 

Proof. Choose po via Theorem 15.11 and let < p < po- Let {Bi}^ =l C W 1 be a regular 
simplicial conical partition. By Theorem 15.11 and the fact that A^(7 n ) ^ Afc(7 n ), 

ip p (l Bl ,...,l Bk ) = sup i/jpifx,...,^). (116) 

(/l,.. .,/ fe )6A°( 7n ) 

Let (A, . . . , / fc ) £ A°( Tn ). By (HDX E?=i / /* T o/^ 7n = Ml A 2 ) = V*. By the Fundamental 
Theorem of Calculus and (I116p . 



da + — 

k 



p 1 
i/>a(fi, ■ ■ ■ , fk)da + 7 



/p I w r d /• /• 

. . . , l^Jc/a + - = J j^z2J lB x T a l Bi d^ n da + - = 22 J ^B x T p l Bi d^ n . 



□ 



By [9] [Theorem 1.10, Theorem 7.4], Theorem 15.21 implies a weak form of the Plurality is 
Stablest Conjecture. While the following result is quite far from Conjecture [2] and might not 
be of immediate use to complexity theory, it is included to indicate a possible application of 
Theorem 15. 2[ Essentially, if we bypass [9] [Theorem 7.1], then Conjecture [2] follows. However, 
by avoiding [9] [Theorem 7.1], we must make very restrictive assumptions on the function / 
in Conjecture [2J Nevertheless, [9] [Theorem 7.4] shows that the class of functions / described 
in Corollary 15.31 is nonempty. 

Note that the most straightforward application of Theorem 15.21 only gives vacuous cases 
of Conjecture [21 in which < p < po{n,k). In particular, since Theorem 15.21 requires 
< p < po(n, k), by f fTUj) we must take e < 3kp to get a nontrivial statement in Conjecture 
[21 In this case, [9] gives r with logr = — C(log(£:)) 2 (l/£:), so that r becomes a function of 
p. Since we provide a p with inverse exponential dependence on n, then r also has inverse 
exponential dependence on n. Thus, no function / can satisfy the assumptions of Conjecture 
121 in this case. To avoid this issue, we modify Conjecture 121 as follows. 



Corollary 5.3 (Weak Form of Plurality is Stablest). Let po(n, k) as given by Theorem \5.2[ 
Fix n > 2, k = 3, and Let N := log log log log log (n) > 1. Let < p < p (N,k) < 1/2, 
e > 0, r = r{e,k) > 0. Let f : {1, . . . , k} n -> A k with J2ae{i,...,k} n -- a^o(fi( a )) 2 < r f or aU 
i £ {1, . . . , k}, j £ {1, . . . , n}. Assume that there exists < m < N and g: MJ 71 — > Aj. with 

J gdjm = E«T6{l,...,fc}« f{ a )> aTld SUch that 



f(g,T p g)d ln -^ £ (f(a),T p f(a)) 



< s. 



<re{l,...,fc}' 

Then part (a) of Conjecture^ holds. From ^[[Theorem 7.4], this class of f is nontrivial. 
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In Corollary I5.3[ for g = (gx, . . . , g k ) with gi : W 71 — > [0, 1], i G {1, . . . , k}, we have used 
the notation T p g := (T p g h T p g k ). 

Unfortunately, the proof of Theorem 15.21 fails for small negative p, as we now show. 

Theorem 5.4. Fix k = 3, n > 2. Define A°(7„) as in Definition \2.S\ and define ip p as 
in (I14j) . Let {Bi}^ =l C R n be a regular simplicial conical partition. Then there exists 
P2 = P2( n , k) > such that, for p G (— p 2 , 0), . . . , IbJ does noi achieve the following 
supremum. 

k 

sup ip p (fi,...,f k ). 

(/i,..,/ fc )6A0( 7n ) 



SUP E / fi LT pfi d ln 

(/i,...,/ fc )eA°( 7 „) i=1 ^ 



Proo/. Let ei = (1,0,. ..,0), e 2 = (0, 1, 0, . . . , 0). Fix z,j G {l,...,Jfe},i ^ j. Let a: R n ->■ 
M n denote reflection across _Bj PI -Bj. Since 5j = a(Bj), by (Tl6|) . it suffices to find i,j G 
{1, . . . , k} and x £ Bi such that LT p l B .(x) < LT p l Bj (x). By replacing {_Bj}^ =1 with {r-B;}f =1 
for r: IR n — >• M. n a rotation, we may assume that span{z;}f =1 = span{ei,e2}. Moreover, 
we may assume Bi H £>.,• C {a; G M n : Xi = 0} and Bi C {x E W 1 : x\ > 0}. Let y := 
(V3/2) ei + (l/2)e 2 , y := -(l/2)d + (V5/2)e 2 . Fix x G with (x, y) > also fixed. From 
f l2~Tj) and the fact that p < 0, there exists c = c((x, y)) > such that 



x, -VT p {l Bi - 1r)(x) 
P 



--(x,y)(c + 0(e-^ 2 / 2 )). 
For iGl™ with (x,y) = 0, we have, as in Lemma [4. 2\ and Lemma [3. 1[ 



;ii7) 



< 2 



B(0,p||*|| a ) i=1 



< 200(n + l)!((p||x|| 2 ) n + l)e" 



So, a derivative bound as in the proof of (Tl9l shows 



118) 



By©, 
LT p f(x) 



P 



< p(x,y)200(n + 2)\ + 200(n + l)!((p ||x|| 2 ) n + l)e" 



«x,VT p /(x)>-AT p /(x)) 



-p 2 IMl2 



(x,T p (V/)(x)> + YZj2^ n (l> - l Bi ){xp + yy/T=?)}drf n 



(y)- 



(119) 

So, choose p < (c/8)(200(n + 2)!) , then choose (x, y) sufficiently large, and then combine 
flnUhflllB]) and (HH with f = l Bi - l Bj to get 



LT p (l m -l B] )(x)<-(x,y}-. 



□ 



31 



6. Open Problems 



There are two problems that are left open in this work. First, Conjecture [T] remains 
entirely open for k > 4 partition elements. Some of the results of this work hold for the case 
k > 4, and some do not. One of the main issues for the case k > 4 is that Lemma [2.51 is no 
longer available. The following conjecture summarizes the main technical issue in proving 
an analogue of Lemma T2.5I for k — 4, n — 3. Before we state the conjecture, recall Definition 
Oand dH|). 

Conjecture 3. Let k = A, n = 3. Suppose {Aj}^ =1 C ]R n satisfies 

lh)(l Al ,...,lA k )= SUp ^o(/l, ■■■,/*)■ 

(h,...,f k )eA°(y n ) 

Then {Ai}f =l is a simplicial conical partition. 

This result is known to be true if we replace A°(7„) with A fc (7„), by [H] [T2|. However, 
the volume constraint of A°(7 n ) causes difficulties for the methods of [TTl [T2"] . 

The second problem that remains open is Conjecture [1] for p < or for p positive and 
much larger than 0. For p with, e.g. p G (1/2, 1), the error bounds that we use in the proof 
of Theorem 15.21 seem to break down, especially when we apply Lemma I4.4[ Lemma I3.2[ and 
( [19]) . So, it seems that our method is not applicable for p G (1/2, 1). However, since the case 
p G (1/2, 1) relates to geometric multi-bubble problems, whereas the case of small p seems to 
concern entirely different geometric information, it is unclear whether or not a single method 
could simultaneously solve or interpolate between different values of p in Conjecture [TJ 

Acknowledgements. Thanks to Assaf Naor for guidance and encouragement, and for help- 
ful comments concerning Corollary 15.31 Thanks also to Elchanan Mossel for helpful com- 
ments concerning the details of Corollary 15.31 and the vacuous cases of Conjecture [2j 
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